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Abstract 
The natural frequencies of a rotating functionally graded cantilever beam with concentrated mass are studied in this paper. The 
beam made of a functionally graded material (FGM) consisting of metal and ceramic is considered for the study. The material 
properties of the FGM beam symmetrically vary continuously in thickness direction from core at mid section to the outer 
surfaces according to a power-law form. The equations of motion are derived from a modeling method which employs 
Rayleigh-Ritz method to estimate the natural frequencies of the beam. Dirac delta function is used to model the concentrated 
mass in to the system. The influence of the material variation, tip mass and its location on the natural frequencies of vibration of 
the functionally graded beam is investigated. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the organizing and review committee of IConDM 2013. 
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1. Introduction 
Functionally graded material is a type of materials whose thermo mechanical properties have continuous and 
smooth spatial variation due to continuous change in morphology, composition, and crystal structure in one or 
more suitable directions. The concept of FGMs is originated in Japan in 1984 during space-plane project to develop 
heat-resistant materials. In these materials, due to smooth and continuous variation in material properties,  
noticeable advantages over homogeneous and layered materials i.e., better fatigue life, no stress concentration, 
lower thermal stresses, attenuation of stress waves etc., can be attained.  FGMs are considered as one of the 
* Corresponding author. Tel.:+919849024369; fax:+918415256000. 
E-mail address: ramesh.mnv@gmail.com 
 e uthors. Published by Elsevier Ltd. Open access under CC BY-NC-ND license. 
 d peer-review unde  respons bility of the organizing and review committee of IConDM 2013
1375 M.N.V. Ramesh and N. Mohan Rao /  Procedia Engineering  64 ( 2013 )  1374 – 1383 
strategic materials in aero space, automobile, aircraft, defense industries and recently in biomedical and electronics 
sectors. Since, FGMs are used in prominent applications in various sectors, the dynamic behavior is important. 
Nomenclature 
pa
G
  acceleration vector of the generic point P  
A  cross-sectional area of the beam  
b  width of the beam 
E(z)  Young’s modulus  
h  total thickness of the beam  
ଓƸǡ ଔƸǡ ෠݇  orthogonal unit vectors fixed to the rigid hub  
݆ଵଵா   axial rigidity of the beam 
ܬଵଵఘ   mass density per unit length  
ܬଶଶǡ௭௭ா   flexural rigidity of the functionally graded beam  
L  length of the beam 
n  power law index  
ሬܲԦ
  vector from point O to Po 
3(z)  effective material property  
3(m)  metallic material property 
3(c)  ceramic material property 
q1i, q2i  generalized co-ordinates 
r   radius of the rigid frame  
ȡ(z)  mass density per unit volume  
s  arc length stretch of the neutral axis 
T  reference period  
u, v  Cartesian variables in the directions of ଓƸǡ ଔƸ 
U  strain energy of the functionally graded beam 
ݒԦo  velocity of point O  
ݒԦP  velocity vector of the generic point P  
x  spatial variable  
γ  ratio to the angular speed of the beam to the reference angular speed 
į  hub radius ratio
 Ĭ  constant column matrix characterizing the deflection shape for synchronous motion 
ȝ1, ȝ2  number of assumed modes corresponding to q1i, q2i
 Ĳ  dimensionless time 
߶1j,߶2j  modal functions for s and v 
ሬ߱ԦA  angular velocity of the frame A  
   angular speed of the rigid hub 
( ′)    partial derivative of the symbol with respect to the integral domain variable
( ′′Ϳ  second derivative of the symbol with respect to the integral domain variable 
Hoa [1] investigated frequency of rotating uniform beam with mass located at tip. A third order polynomial was 
used for estimating the lateral displacements. Results show that, tip mass decreases (dishearten) the frequencies at 
lower angular speeds and increases at higher speeds. Hamilton principle was used to formulate the equations of 
motion for a rotating beam with mass at the tip and results were compared with the results obtained by various 
methods in [2]. Shifu et al.[3] and Xiao et al.[4] developed a non-linear dynamic model and its linearization 
characteristic equations of a cantilever beam with tip mass in the centrifugal field by using the general Hamilton 
variational principle. Yaman [5] investigated theoretically the dynamic behavior of cantilever beam which is 
partially covered by damping and constraining layers with a concentrated mass at the free end and found that the 
resonant frequencies and loss factors are strongly dependent on geometrical and physical properties of the 
constrained layers and  mass ratio. Yoo et al. [6] presented free vibration analysis of a homogeneous rotating beam. 
Piovan, Sampaio [7]developed a nonlinear beam model to study the influence of graded properties on the damping 
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effect and geometric stiffening of a rotating 
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Consider a functionally graded beam with len
core and ceramic surfaces as shown in Figure 1. 
direction from core towards surface according to
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Fig. 1  Geometry of the functionally graded beam
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P0 changes to P after deformation and its elastic deformation is denoted as መ݀ that has three components in three 
dimensional spaces. Conventionally the ordinary differential equations of motion are derived by approximating the 
two Cartesian variables, u and v. In the present work, a hybrid set of Cartesian variable v and a non Cartesian 
variables are approximated by spatial functions and corresponding coordinates are employed to derive the 
equations of motion.  
 
Fig. 2 Configuration of the functionally graded rotating beam. 
 
3.1 Approximation of deformation variables 
By employing the Rayleigh-Ritz assumed mode method, the deformation variables are approximated as 
  
1
1 1
1
( , ) ( ) ( )j j
j
s x t x q t
μ
ϕ
=
=¦         (2) 
  
2
2 2
1
( , ) ( ) ( )j j
j
v x t x q t
μ
ϕ
=
=¦         (3) 
In the above equations, ߶1j and ߶2j are the assumed modal functions for s and v respectively. Any compact set of 
functions which satisfy the essential boundary conditions of the cantilever beam can be used as the test functions. 
The qijs are the generalized coordinates and ȝ1 and ȝ2 are the number of assumed modes used for s and v 
respectively. The total number of modes, ȝ, equal to the sum of individual modes i.e., ȝ = ȝ1 + ȝ2. 
The geometric relation between the arc length stretch s and Cartesian variables u and v given in [6] as 
( )2'
0
1
2
x
s u v dσª º= + « »¬ ¼³          (4) 
( )2'
0
1
2
x
u s v dσª º= − « »¬ ¼³          (5) 
Where a symbol with a prime (') represents the partial derivative of the symbol with respect to the integral domain 
variable. 
 
3.2 Kinetic energy of the system 
 
The velocity of a generic point P can be obtained as  
A
P O Adpv v p
dt
ω= + + ×
G GG G G
         (6)          
Where ݒԦo is the velocity of point O that is a reference point identifying a point fixed in the rigid frame A; ሬ߱Ԧo vector 
ܲሬሬሬԦin the reference frame A and the terms ሬܲԦ,ݒԦo and  ሬ߱ԦA can be expressed as follows 
( ) ˆ ˆp x u i vj= + +G ;           (7) 
ˆ;Ov r j= ΩG
           (8) 
ˆA kω = ΩG ;           (9) 
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ˆ ˆ( ) [ ( )]pv u v i v r x u j= −Ω + +Ω + +G  
       (10) 
Where ଓƸ,ଔƸ and ෠݇are orthogonal unit vectors fixed in A, and r is the distance from the axis of rotation to point O 
(i.e., radius of the rigid frame) and  is the angular speed of the rigid frame.  Using the Eq. (6), the kinetic energy 
of the rotating beam is derived as 
111
.
2
v
J
T v vdv
A
ρ
= ³ G G
       
(11)
 
Where     ( )11 z
A
J dAρ ρ= ³
       
(12) 
In which, A is the cross section, ܬଵଵఘ and ߩሺ௭ሻ are the mass density per unit length and mass density of the 
functionally graded beam respectively, V is the volume. 
       
 
3.3 Strain energy of the system 
 
Based on the assumptions given in section 3, the total elastic strain energy of a functionally graded beam can be 
written as 
22 21 1
11 22, 22 2
L L
ds d vE EU J dx J dxzzdx dx
§ ·§ · ¨ ¸= +¨ ¸ ¨ ¸© ¹ © ¹³ ³                         (i = 1,2,…..,ȝ)    (13) 
Where   ( )11
E
z
A
J E dA= ³
       
(14) 
and ( )
2
22,
E
zz z
A
J E y dA= ³
       
(15) 
3.4 Equation of motion 
 
Using the Eqs. (2) and (3) in to Eqs. (11) and (13), the using Lagrange’s equation for free vibration of distributed 
parameter system can be obtained as  
0d T T U
dt q q qi i i
§ ·∂ ∂ ∂¨ ¸
− + =¨ ¸∂ ∂ ∂© ¹
            i = 1,2 ,3…… μ                 (16) 
The linearized equations of motion can be obtained as follows  
11 11 11
1 221 1 1 1 2 1 1 1 11 0 0 0
L L L
dx q dx q dx qi j j i j j i j jJ J Jj
μ
ϕ ϕ ϕ ϕ ϕ ϕρ ρ ρ
ª§ · § · § ·«¨ ¸ ¨ ¸ ¨ ¸− Ω − Ω¦ ³ ³ ³¨ ¸ ¨ ¸ ¨ ¸«
= © ¹ © ¹ © ¹¬
 
 
' ' 2 2
11, 1 1 1 1 1
0
11 11
0 0
L L LEJ dx q x dx dxzz i j j iJ J iϕ ϕ ϕ
ρ ϕρ
§ ·¨ ¸+ = Ω + Ω³ ³ ³¨ ¸© ¹
             (17) 
11 11
2 2 '' ''
2 2 2 2 2 2 22, 2 2 21 0 0 0
J J
L L LEdx q dx q J dx qi j j i j j zz i j jj
μ
ϕ ϕ ϕρ ϕ ϕρ ϕ
ª§ · § · § ·«¨ ¸ ¨ ¸ ¨ ¸− Ω +¦ ³ ³ ³¨ ¸ ¨ ¸ ¨ ¸«
= © ¹ © ¹ © ¹¬

( ) ( )12 ' ' 2 2 ' '2 2 2 2 2 120 011 11
L L
r L x dx q L x dx qi j j i j jJ Jϕ ϕ ϕ ϕ
ρ ρ­ ½§ · § ·° °¨ ¸ ¨ ¸+Ω − + −³ ³® ¾¨ ¸ ¨ ¸° °© ¹ © ¹¯ ¿
 
2 02 1 2
0
11
L
dxJ J qi j j
ρ ϕ ϕ
º§ · »¨ ¸+ Ω =³¨ ¸ »© ¹ ¼

         (18) 
Where a symbol with double prime ('')  represents the second derivative of the symbol with respect to the integral 
domain variable. Dirac’s delta function was considered to express the mass per unit length of the beam for an 
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arbitrary location of the concentrated mass of the beam.   
*
( ) ( ) ( )z z m x dρ ρ δ= + −
              
(19) 
Whereߩሺ௭ሻכ  andߩሺ௭ሻ are modified mass per unit length and mass per unit length of the functionally graded beam 
respectively. 
3.5 Dimensionless transformation 
 
For the analysis, the equations in dimensionless form may be obtained by substituting Eq.(19) in to Eq.(17) and  
Eq.(18) and introducing following dimensionless variables in the equations. 
   
t
T
τ = ,         (20) 
   
x
L
ξ = ,         (21) 
   
j
j
q
L
θ = ,        (22)   
   
r
L
δ = ,          (23)           
   
Tγ = Ω ,         (24 ) 
   
,
d
L
β =
         
(25)
   
( )z
m
L
α
ρ
=          (26) 
Where Ĳ, į, Į ȕ and Ȗ refers to dimensionless time, hub radius ratio, concentrated mass ratio, concentrated mass 
location ratio and dimension less angular speed respectively. 
4. Analysis of chordwise bending natural frequencies 
 
The Eq.(18) governs the chordwise bending vibration of the functionally graded rotating beam which is coupled 
with the Eq. (17) . With the assumption that the first stretching natural frequency of an Euler beam far separated 
from the first natural frequency, the coupling terms involved in Eq. (18) are assumed to be negligible and ignored. 
The equation can be modified as 
2
2 '' ''
2 2 21 2 2 2 2 2 2 2 22, 2 2 2
1 0 0
1 11
0
( ) ( ) ( ) ( )
L L L
E
i j i j j i j i j j ZZ i j j
j
dx m d d q dx m d d qJ J J dx q
μ
ρ ρϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
=
ª§ · § · § ·«¨ ¸ ¨ ¸ ¨ ¸+ − Ω + +¨ ¸ ¨ ¸ ¨ ¸«© ¹ © ¹ © ¹¬
¦ ³ ³ ³
 
( ) ( )11 112 ' ' 2 2 ' ' ' '2 2 2 2 2 2 2
0 0 0
1 ( ) 0
2
L L d
i j i j i i jr L x dx L x dx m rJ J d dx q
ρ ρϕ ϕ ϕ ϕ ϕ ϕ
­ ½§ ·° °¨ ¸+Ω − + − + + =® ¾¨ ¸° °© ¹¯ ¿³ ³ ³
                     
(27)
 
The Eq. (27) involves the parameters L, , x and   E(z), ȡ(z),which are the properties may  vary arbitrarily along the 
transverse direction of the beam. After introducing the dimensionless variable from Eqs. (20-26) in Eq. (27), the 
equation becomes 
2 1 1 1
'' '' 2
2 2 2
0 0 0
( ) ( ) ( ) ( )ai bj ai bj j ai bj j ai bj ai bj j
j i
d d d
μ
ψ ψ ζ αψ β ψ β θ ψ ψ ζ θ γ ψ ψ ζ αψ β ψ β θ
=
ª§ · § · § ·«¨ ¸ ¨ ¸ ¨ ¸+ + − +¨ ¸ ¨ ¸ ¨ ¸«© ¹ © ¹ © ¹¬
¦ ³ ³ ³
( ) ( )1 12 ' ' 2 ' ' ' ' 2
0 0 0
11 1 ( ) 0
2ai bj ai bj ai bj j
d d d
β
γ δ ζ ψ ψ ζ ζ ψ ψ ζ α β δ ψ ψ ζ θ
º­ ½§ ·° °»¨ ¸+ − + − + + =® ¾»¨ ¸° °© ¹ »¯ ¿¼
³ ³ ³
   
(28)
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Where  
1
4 2
11
22,
E
ZZ
J L
T
J
ρ§ ·¨ ¸= ¨ ¸© ¹
          (29) 
Eq. (28) can be written as  
( )2 22 2 2 2 222 2 2
1
0B Gij j ij j ij ij j
j
M K K M
μ
θ θ γ θ
=
+ + − =ºª¬ ¼¦           (30) 
( ) ( )1 1' ' 2 ' ' ' '
0 0 0
11 1 ( )
2
Ba
ij ai bj ai bj ai bjK d d d
β
δ ζ ψ ψ ζ ζ ψ ψ ζ α β δ ψ ψ ζ= − + − + +³ ³ ³     (33)
 
Where ȥai is a function of ȟ has   the same functional value of x. 
From Eq. (30), an eigenvalue problem can be derived by assuming that ș’s are harmonic functions of Ĳ expressed 
as  
je ωτθ = Θ
          (34) 
Where j is the imaginary number, Ȧ is the ratio of the chordwise bending natural frequency to the reference 
frequency, and Ĭ is a constant column matrix characterizing the deflection shape for synchronous motion and  this 
yields   
2 CM Kω Θ = Θ
          (35) 
Where M is mass matrix and KC stiffness matrix which consists of elements are defined as  
22;ij ijM M           (36) 
( )2 2 2 22C B Gij ij ij ijK K K Mγ= + −  
       (37) 
5. Numerical results and discussion  
 
Table 1. Properties of metallic (Steel) and ceramic (Alumina) materials. 
Properties of materials Steel Alumina (Al2O3) 
Young’s modulus E (Gpa) 214.0 390.0 
Material density ȡ (kg/m3) 7800.0 3200.0 
 
Table 2. Comparison of natural frequencies of a metallic (Steel) cantilever beam (Hz). 
Present Approach Ref. [7] (Analytical) 
Ref.[7]  
(Experimental) 
96.9 96.9 97.0 
607.3 607.6 610.0 
1700.4 1699.0 1693.0 
Initially, the accuracy of the present modeling method is validated by considering two examples as follows. In 
Table 2, the first three chordwise natural frequencies of the functionally graded beam without  concentrated mass, 
are  presented as a first example by using the present modeling method and are compared with the works of Piovan 
and Sampio [7]on FGM rotating beam without concentrated mass, that provides analytical solution of a classic 
model and experimental data.  The metallic beam with power law index, n →∞  (i.e., steel) having geometrical 
dimensions breadth = 22.12 mm, height = 2.66 mm and length = 152.40 mm is modeled with the material 
properties given in the table 1.  At zero rotational speed, with clamped-free end (clamped at x = 0 and free at x = 
L) boundary conditions, the chordwise bending frequencies are calculated with ten assumed modes to obtain the 
three lowest natural frequencies. 
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Fig 3. Chordwise natural frequency variation of
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dimensions length L = 1000 mm, breadth = 20 m
 
Table 3.Comparison of the first chordwise bend
N(rps) 
į Fi
n 
2 0.0 
 0.5 
 2.0 
25 0.0 
 0.5 
 2.0 
50 0.0 
 0.5 
 2.0 
In Table 3, the fundamental chordwise bend
various values of power law index and hub radi
Figure.4 shows the variation in fundamental
concentrated mass at different locations of the 
observed that the first chordwise bending natu
There after decreasing trend has been observe
difference in frequencies with an increase in m
may be noted that the initial trends change a
increase in concentrated mass there is a reducti
 
 non rotating FG beam without concentrated mass. 
n rotating beam without concentrated mass with dimensi
0 mm is considered for the analysis. Steel is considered 
t whose mechanical properties are given in table 1. In Fi
g natural frequencies of a functionally graded beam with
It has been observed that the three frequencies decrea
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les are comparable with experimental results presented i
 be within 0.5 percent error. From the above examples
s appropriate for further evaluation. Keeping this in vie
elow. For further analysis the beam parameters cons
m and height = 10 mm as in example two. 
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rst chordwise bending natural frequencies 
 
0 1 2 
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the frequency of beam containing heavier concentrated mass is lower than that of lighter concentrated mass. From 
the above one can infer that as the beam composition changes from ceramic to metal the effect of concentrated 
mass on frequencies decreases. In second and third frequencies the variation in frequenies with respect to location 
of concentrated mass has been observed to be wavy (Figure 4). 
 
Fig 4.  Effect of power law index and concentrated mass location on first three  chordwise bending natural 
frequency. 
Figure 5 shows the effect of locator of concentrated mass on chordwise bending natural frequencies with respect 
to angular speed. It has been observed that, the rate of increase in chordwise bending natural frequencies with 
respect to angular speed is different for different locations of the concentrated mass in different modes. The order 
of rate of increase of frequency for different locations of concentrated mass is in the order 0.3 > 0.0 > 0.6 > 0.9 for 
1st natural frequency. While for the second frequency the order is 0.9 > 0.0 > 0.6 > 0.3 and for the third frequency 
the order is 0.9 > 0.6 > 0.0 > 0.3. These observed relations between chordwise bending natural frequency and 
angular speed are related that observed in dependence of chordwise bending natural frequency on the location of 
concentrated mass as Figure 4. 
The influence of location of concentrated mass on the relation between chordwise bending natural frequency 
and angular speed is presented in Figure 6.  In general, it is observed that, the chordwise bending natural 
frequencies decreases as the location of the mass shift towards free end. However, this effect is marginal when the 
mass is located nearer to the hub. It may also be noted that at higher angular speeds the frequency remains nearly 
same when the concentrated mass is near to the hub. However, towards free end the frequencies are observed to be 
on the decreasing trend. It is pertinent to add that, as the location of concentrated mass is shifting towards free end, 
the effect of gradient in the property of material namely power law index, is has influence on the frequency, in that, 
as location of concentrated mass shifting towards free end,   the band width in frequencies decreases. 
 
 
Fig.5  Effect of concentrated mass location on first three chordwise bending natural frequency. 
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Fig. 6  Effect of power law index on first chordwise bending natural frequency loci. 
 
6. Conclusion 
 
The chordwise bending natural frequencies of a rotating FGM beams with concentrated mass are investigated 
using an approximate solution Rayleigh-Ritz method. The variable studied were location of concentrated mass, its 
magnitude, power law index, hub radius and angular speed. The results show that for a stationary beam, chordwise 
bending natural frequencies decrease with an increase in power law index up to a critical value after which 
frequencies relatively un-effected. The magnitude of the concentrated mass has been found to have an influence on 
the chordwise bending natural frequencies depending on the location of the mass. It has been observed that the 
frequencies are effected by the variation in the composition of the beam. The relation between chordwise bending 
frequencies and angular speed is dependent on the location of the concentrated mass. The power law index has 
been found to have an influence on the relation between chordwise bending versus angular speed depending on the 
location of concentrated mass.  
 
References 
 
[1] Hoa, S.V.,1979. Vibration of a rotating beam with tip mass, Journal of Sound and Vibration 67(3), p.369-381  
[2] Lee, H.-P., 1993.Vibration on an Inclined Rotating Cantilever Beam With Tip Mass, Journal of Vibration and 
Acoustics 115(3), p.241-245  
[3] Shifu, X., Qiang, D., Bin, C., Caishan, L., Rongshan, X., Weihua, Z., Youju, X., Yougang, X.;2002. Modal test 
and analysis of cantilever beam with tip mass, Acta Mech Sinica 18(4), p.407-413.  
[4] Xiao, S., Chen, B., Du, Q., 2005. On Dynamic Behavior of a Cantilever Beam with Tip Mass in a Centrifugal 
Field, Mechanics Based Design of Structures and Machines 33(1), p.79-98. 
[5] Yaman, M., 2006. Finite element vibration analysis of a partially covered cantilever beam with concentrated tip 
mass, Materials &amp; Design 27(3), p.243-250  
[6] Yoo, H.H., Ryan, R.R., Scott, R.A.,1995. Dynamics of flexible beams undergoing overall motions, Journal of 
Sound and Vibration 181(2), p.261-278. 
[7] Piovan, M.T., Sampaio, R.,2009. A study on the dynamics of rotating beams with functionally graded 
properties. Journal of Sound and Vibration 327(1–2),  p.134-143. 
